For matrix models with measure on the Lie algebra of SO/Sp, the sub-leading free energy is given by F 1 (S) = ± 1 4
Introduction
Recent interest in matrix models has been due to the discovery of the equivalence between both Chern-Simons theory [1, 2] and Holomorphic Chern-Simons theory [3, 4, 5] on certain manifolds and particular matrix models. For the topological B-model, it was shown that one must consider matrix models with measure on the Lie algebra of the gauge symmetry group. The matrix model action is the tree level superpotential, which is governed by the geometry of the CY 3-fold. In the topological A-model, one considers a matrix model with Gaussian action but it is the measure which is governed by the geometry. When the 3-fold is T * S 3 this measure is the Haar measure on the gauge group. The appearance of the Haar measure can be seen by considering the mirror geometry. There the non-trivial part of the CY 3-fold is a Riemann surface whose defining equation is a polynomial in C * variables. This Riemann surface is a cylinder with a single branch cut. Consequently we must account for all images of the D-brane and this converts the Lie algebra measure into the Haar measure [2] . In fact, since each image is inequivalent the domain of integration is non-compact, which is in contrast to the matrix model considered in [4] which also has a Haar measure.
After the initial work on the B-model by Dijkgraaf and Vafa, it was shown how to generalize this to the other classical gauge groups from several points of view. Matrix model generalizations were considered in [13, 14] , perturbative supergraph techniques [6] were considered in [12] and generalized Konishi anomaly techniques [8] were considered in [10, 11] . From the matrix model point of view, this involves an analysis of the all worldsheet loop equation (generalizing [15, 16] ), to compute F 1 , the O(g 1 s ) (IRIP 2 worldsheet) term in the free energy. There one finds that,
In this paper, motivated by the fact that this derivative relationship does not hold in
Chern-Simons theory, we explore the related computation in the A-model. The A-model orientifold of the conifold has been considered before. In [17] the partition function of SO/Sp Chern-Simons on S 3 was calculated to all orders in g s and given a closed string interpretation. There it was found that F SO/Sp 0
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The coefficient of 
where the +(−) sign is for SO(Sp) respectively. In the SO(2M) and Sp(2M) matrix model, we will use a t 'Hooft parameter S = g s M, related to the Kahler modulus t by 4) with −(+) for SO(Sp). This implies that the following relationship between ChernSimon's free energy F CS and the matrix model free energy
So more explicitly we have,
with +(−) sign for SO(Sp) respectively. So we immediately see that (1.1) does not hold for the A-model.
This theory was also considered from a much different point of view in [19] . There, following [20, 21] , the mirror geometry was considered and F 1 was recast into an integral of a one-form over a Riemann surface. This Riemann surface is in some sense the nontrivial part to the mirror of the resolved conifold.
Now another scenario where O(g 1 s ) corrections appear is gauge theories with fundamental matter. In [22] , the authors found that F 1 is an integral over the spectral curve of the leading order resolvent ω 0 , consistent with what one would expect from [20, 21] .
Furthermore, it was found in [2] that the spectral curve of the A-model matrix model of the conifold is in fact the Riemann surface associated with the mirror of the conifold.
In this paper we will calculate F 1 for the matrix model of SO/Sp Chern-Simon's theory. Following the general methodology of [13] , we find the quantum loop equation for matrix models with Haar measure. We can easily solve for ω 1 , the O(g s ) term of the resolvent but cannot integrate this to the free energy. So we need some additional insight. We modify the potential by a term g s log sinh x and for the new free energỹ F , we find thatF 0 = F 0 andF 1 = 0. Importantly,F 1 is the sum of two terms, one of which is F 1 , the other is an integral of ω 0 over the spectral curve. We know ω 0 by an easy generalization of [2] and we explicitly perform these integrals. Thus for quadratic potential, we have an explicit expression for F 1 .
The string theory scenario being studied here is type IIA on M 3,1 × T * S 3 with the internal geometry orientifolded giving an O6 plane and N D6 branes wrapped on M 3,1 × S 3 . This gives N = 1 SO/Sp SYM in four dimensions with a double trace tree level superpotential. The free energy of the topological string gives the four dimensional effective superpotential for this N = 1 SYM in a manner discussed in section 5. The precise form of the tree level superpotential is also given in section 5.
Loop Equation
As in [13] , we derive a loop equation and solve for ω 1 in terms of ω 0 . This relationship does not however, appear to lift to a nice relationship between F 0 and F 1 .
Matrix models with measure on the Lie group for SO/Sp were first considered in [24] . Once the off diagonal components are integrated away, the partition function
As in the matrix model with measure on the Lie algebra, the integral of the resolvent must be compatible with the log of the measure so we define,
When the group is SO(2M), this becomes,
3)
It behaves as
We restrict ourselves to one cut solutions so, we assume that ω(z) has one cut that runs from −a to a along the real axis. We have defined S = g s M. With a potential given by W(x) = ∞ j=1 g j j x j , the relationship between the resolvent and the free energy 5) where the differential operator
can be worked out by Taylor expanding coth x−Φ 2 around x. The resolvent and the free energy have expansions in g s given by,
Combining (2.5) and (2.6), we see that,
The loop equation for this model can be derived by demanding reparametrisation invariance of the partition function (details are in the appendix). It is given by,
Where K acts as,
The contour C encircles the cut but not the point x. When we insert the expansion (2.6) into the loop equation (2.8), the first two equations we get are,
(2.11)
is a solution to (2.11) and has the correct behavior at infinity. Similar equations for the Lie algebra case were found in [13, 14, 10, 11, 18] . This implies the following relation for the free energy,
Here the method of [13] breaks down. In that situation one could trivially integrate to get F 1 but here we are unable to. Doing so would amount to writing coth(x) − coth(
of some function, something we were unable to do. We will derive F 1 using a different method.
Free Energy of Leading Order.
To find the resolvent ω 0 (z) in the loop equation it is easier to go back and derive an equation of motion. Since we are mostly interested in the Chern-Simons matrix models we again restrict our attention to one cut solutions. Let introduce a density function ρ 0 (u) by,
It is convenient to continue the density function to the negative part of real axis ρ(z) = ρ(−z). The above definition becomes
The normalization condition that guarantees the correct behavior of the resolvent at infinity is given by
Lets plug this definition into the loop equation for ω 0 (z) (2.10). Subtracting the loop equation evaluated at the point z + iǫ above the cut from the loop equation at the point z − iǫ bellow the cut and taking into account that
The usual way to proceed is to go to a new coordinate U ′ = e u [2] . In the case of SO(2M) Chern-Simons matrix model, the potential is W (z) = z 2 /4 and the equation of motion becomes
where U = e z . Here the normalization condition
has been used. Following [2, 23] it is easy to find the function
that satisfies the following i) vanishes at infinity, ii) has a square root cut,
The only difference from the SU(M) case considered in [2] is that S gets doubled,
Let's discuss the geometry of the Riemann surface given by the resolvent v(u). The spectral curve that corresponds to the resolvent is given by
Since the resolvent has the property v(u) = v(u + 2πi) the Riemann surface is compact in the imaginary direction. The resolvent has the square root cut giving rise to the two sheets of the surface. Therefore the Riemann surface looks like two infinite cylinders glued together along the cut. This is true even for a general potential W (z) although a particular equation for the spectral curve will be different. The contour around the cut is usually called an A cycle, the contour running from a point at infinity on one sheet to a point at infinity on the other sheet is called a B cycle. The Riemann surface is depicted in fig. 1 and fig. 2 . 
ton contribution,
n 3 , (3.13) which agrees with [17] .
Free Energy of Order O(g s )
The next objective is to calculate O(g s ) contribution to the free energy. Although there is a derivative relation between ω 0 (z) and ω 1 (z) (2.12), this integrates to an unfriendly relation between F 0 and F 1 (2.13). Therefore to find the O(g s ) part of the free energy we use a new method.
To do so we consider the origin of the O(g s ) term in the free energy. Since the saddle point method is used to construct the perturbative expansion in powers of g s , there
should not be any terms of order of g s unless there is a subleading term in the effective matrix model action. To single out such a piece, we add the following subleading term to the action,
For this new potential, W + δW , we denote the free energyF . The equation for ω 0 (z) (2.10) is invariant but the equation for ω 1 (z) (2.11) becomes
Provided that ω 1 (z) vanishes as z → ±∞ this integral equation has only the trivial solution ω 1 = 0, which leads toF 1 = 0. This suggests that (4.1) cancels the subleading part of the action. So we have,
In principle, if one knows the density function ρ 0 (z), the integral can be taken. It is more convenient however to have it written as an integral of ω 0 (z). We will see that written in that form, F 1 has two different pieces, corresponding to the integration along different contours.
It is easy to see that log sinh z = log 2 + log sinh z 2 + log sinh
In what follows we omit all infinite terms and polynomial terms that can be easily restored. Similar to [22] , we write the logarithms in the integral (4.3) as log sinh
where Λ is a point at infinity, a UV cutoff. Now one can recognize the resolvent in (4.3). Combining the above and using the fact that ρ 0 (z) is an even function we get
To figure out which branch of the function ω 0 (z) is to be used in the above integrals or in other words on which sheet the point Λ is located, one has to look at the behavior at infinity of the integrals of the coth(z/2) function. The conclusion is that Λ is a point on the physical sheet where ω 0 (z) vanishes at infinity. The principal value integral is to be understood as P 0 = 1/2( 0+iǫ + 0−iǫ ). The two contours are drawn on fig. 1 .
The first integral in (4.7) can be written as an integral over the B cycle. To see this,
we introduce a function y(z) that corresponds to the singular part of the resolvent, so the integrals over a cycle of y(z) or of the resolvent are the same. The function y(z)
has the property of a square root, i.e. it changes the sign when passing over the cut, y(z + iǫ) = −y(z − iǫ). The differential y(z)dz is the meromorphic one-form on the Riemann surface defined by the resolvent. One has
8)
So far our discussion has been applicable to one cut solutions of the matrix models with arbitrary potentials. To check the result (4.7) we calculate F 1 (S) for the quadratic potential and compare it with the known result. The integral over the B cycle has been taken already in the previous section. Therefore
The second integral in (4.7) can also be expressed in terms of Euler's dilogarithm function (see Appendix B for the details),
where again we dropped all polynomial terms. After summing (4.10) and (4.11) one gets the correct free energy F 1 (S) (1.7). There is another way of writing (4.11). We want to separate clearly the part coming from O5-planes and the part from the expansion of F 0 (t). The last one is just the integral over the B cycle. Again it is convenient to appeal to the meromorphic one-form y(z)dz
The contour in the second integral is on the second sheet of the Riemann surface, and Λ ′ is a point at infinity on this sheet (see fig. 2 brings the integrals over O 1 and O 2 contours to the same form as in [19] .
Almost the same calculation can be done for the case of Sp(2M) group. The group measure for Sp(2M) has the extra factor i sinh 2 u i which corresponds to the additional term i log sinh 2 u i in the matrix model effective action. To haveF 1 = 0 the term
has to be added to the potential. It is clear now that the only difference from SO (2M) case is the opposite sign of F 1 (S) which agrees with (1.7).
While it is possible to continue the Chern-Simons partition function to SO(2M + 1)
[17] and take the large M limit, this partition function does not match the partition . Repeating the above procedure one gets
Since the second logarithmic function has changed sign compared to the SO(2M) case the two integrals over the B cycle cancel each other and we are left with integrals over the contours O 1 and O 2 . So the part that is proportional to the derivative of F 0 disappears. This is in contrast with the Lie algebra case, in which the SO(2M + 1)
and Sp(2M) matrix models have the same free energy.
It is worth noting that the same method of calculation of O(g s ) correction to the free energy works for matrix models with Lie algebra measure giving the result (1.1).
N=1 SYM In Four Dimensions
The tree level superpotential is figured out (following [1] ) by converting the Haar measure into a measure on the Lie Algebra
where,
B 2k are the Bernoulli numbers. Using the fact that the Newton polynomials
are equal to 1 2 TrM k , where M is an anti-symmetric matrix gauge fixed to the diagonal, we see that the four dimensional tree-level superpotential engineered by this construction is
Only even powers of Φ appear, as expected.
The Chern-Simon's partition function will give the four dimensional low energy Wilsonian effective action for N = 1 SYM with W tree given by (5.4). Now in [17] , the correct closed string variable was identified as t = g s (2M − 1) (for SO(2M)), which is identified with the gluino condensate. So following [17, 13] we propose the formula 5) where Q D6 is the total D6-brane charge and Q O6 is the total O6-plane charge, τ is the gauge coupling. Op-plane charge is given by ±2 5−p , -sign for SO, +sign for Sp. We
5.5 because their g s expansions differ, as discussed in the introduction.
To make contact with results of [25] , we look at log(vol(SO(2M)). This term is already within the free energy but we know from [26] that it is this term which supplies the t log t term to the superpotential. So, expanding in (2M − 1) and keeping only log terms, we get
so using (5.5), we find
where F pert = F + log(vol(SO(2M)). So requiring N − 2 vacua, we find that a = 4.
Conclusion
We have studied the matrix models with Haar measure on SO/Sp in the large M limit, for which we have derived a quantum loop equation and for the case of quadratic potential, have found the leading order resolvent.
We have calculated the O(g s ) corrections to the SO and Sp Gaussian matrix model free energy using a novel method. This method separates in a clear way the leading (of order 1/g s ) and subleading (of order O(1)) parts in the effective matrix model action.
The free energy of the first two orders was expressed as integrals of the leading order resolvent over the spectral curve and these integrals were explicitly performed.
We have found agreement between matrix model and large M Chern-Simons results.
While the g s expansion of the Chern-Simons theory has a nice worldsheet interpretation, which means that the first two orders correspond to sphere and IRIP 2 worldsheets, the g s expansion of the matrix model free energy mixes the worldsheet contribution at each order, essentially due to a shift in the identification of the 't Hooft parameter.
The derivative relation found in Lie algebra matrix models
does not hold but instead we find that
Here F 1 contains a contribution from sphere worldsheets as well as IRIP 2 worldsheets.
Type IIA string theory on M 3,1 ×T * S 3 with the internal geometry orientifolded and N D6 branes wrapped on M 3,1 ×S 3 engineers an N = 1 SO/Sp SYM in four dimensions with a certain double trace tree level superpotential which was given. The calculation of the leading and subleading free energy in these matrix models or equivalently in Chern-Simons theory gives the effective superpotential for this four dimensional SYM.
This was also discussed.
Although we have presented the main results with the potential W (z) an arbitrary polynomial, the string theory application of these matrix models is known only for the quadratic potential. One can convert the matrix model to a Lie algebra matrix model with double trace potential and a single trace potential W (Φ). This potential then corresponds to the tree level superpotential of an N = 1 SYM in four dimensions.
Therefore one knows the four dimensional effective theory but does know the internal geometry which constructs this theory. If the potential has higher than quadratic powers, the spectral curve will not be a polynomial in e u and e v . Whether or not this spectral curve can be related to some B-model geometry is an interesting question to address.
It would be interesting to generalize the impressive work [9] and solve the SO/Sp matrix model to all orders by the method of orthogonal polynomials.
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A Derivation Of the Loop Equation
In this paper we are just interested in calculating the free energy contribution from IRIP 2 worldsheets. To do this we derive an all worldsheet loop equation. This equation will also be derived for Lie group SU(M) for completeness.
A.1 SO(2M)
The partition function, after integrating out the off diagonal terms, is given by,
We perform the infinitessimal change of co-ordintes, .2) and demand that the partition function is invariant under this transformation. At first order this yields the following constraint,
Now we need the 2 identities, The last step is to apply the property (B.3) and get (4.11).
